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Abstract
We refine an identity between the numbers of certain non-crossing graphs and multigraphs, by modifying a bijection found by
P. Podbrdsky´ [A bijective proof of an identity for noncrossing graphs, Discrete Math. 260 (2003) 249–253]. We also prove a new
identity between the number of acyclic non-crossing graphs with n vertices and k edges (isolated vertices allowed and no multiple
edges allowed), and the number of non-crossing connected graphs with n edges and k vertices (multiple edges allowed and no
isolated vertices allowed).
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1. Introduction
A graph G (possibly with multiple edges) on the vertex set [n] = {1, 2, . . . , n} is non-crossing if it does not contain
a pair of edges {i, j} and {k, l} such that i < k < j < l. In other words, if we draw the vertices of G on a line and the
edges by means of arcs of a curve above the line, then it is possible to draw the arcs so that they do not cross.
Let A be the set of non-crossing graphs with no multiple edges (isolated vertices are allowed), and let B be the set
of non-crossing graphs with no isolated vertices (multiple edges are allowed). Also, let an be the number of graphs
in A with n vertices, and let bn be the number of graphs in B with n edges. Using generating functions, Klazar [2]
showed that an+2 = 8bn and left as an open question finding a bijection explaining this identity. Such a bijection, of
a recursive nature, was found recently by Podbrdsky´ [3].
Let now an,k be the number of graphs in A with n vertices and k edges, and let bn,k be the number of graphs in B
with n edges and k vertices. The first purpose of this paper is to prove the following identity.
Theorem 1. If an,k and bn,k are as before, then
an+2,k+1 = bn,k+3 + 3bn,k+2 + 3bn,k+1 + bn,k . (1)
Clearly, upon summing over k, the above equation becomes an+2 = 8bn . In order to prove the result, we modify
Podbrdsky´’s bijection conveniently to take into account the secondary parameters.
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The second goal of the paper is to prove a new identity between the following two quantities: the number of acyclic
graphs in A with n vertices and k edges, and the number of connected graphs in B with n edges and k vertices. The
proof uses generating functions and, for reasons that we explain below, it seems difficult to find a bijection explaining
the identity.
Proof of Theorem 1. The idea in Podbdrsky´’s proof is to construct a bijection ϕn between Bn = {G ∈ B : |E(G)| =
n} and eight-element subsets of An+2 = {G ∈ A : |V (G)| = n + 2}, which are called groups. Each group in Ak
contains graphs which differ only in the edges {1, 2}, {k − 1, k} or {1, k}, and any subset of these three edges is
admissible since they produce no crossings. The definition is recursive and depends on the type of certain subgraphs
of graphs in Bn . We keep the same notation as in [3] for the 14 different types of graphs used in the definition of ϕn ,
namely types [x], [x, y] and [x, y, z], where x, y, z ∈ {0, 1} (we refer the reader to [3] for details).
The basic fact about ϕn is that it sends a graph G with n edges to an (eight-element) group of graphs with n + 2
vertices. The graph in ϕn(G) that contains none of the edges {1, 2}, {n + 1, n + 2} and {1, n + 2} is called the basic
graph in ϕn(G).
What we need in order to prove identity (1) is that, in addition, if G ∈ Bn has k vertices, then the basic graph in
ϕn(G) has exactly k−2 edges. For then ϕn(G) will contain one graph with k−2 edges, three graphs with k−1 edges,
three graphs with k edges, and one graph with k + 1 edges. It follows that graphs in An+2 with k + 1 edges will arise
bijectively from graphs in Bn with k edges, with k + 1 edges (three of them), with k + 2 edges (three of them), and
with k + 3 edges. This clearly proves (1).
However, ϕn does not satisfy the required property. For instance, if G is the graph with edges {1, 2}, {3, 4}, then
the basic graph in ϕ2(G) has vertex set [4] and {1, 3} as the only edge. Checking the 14 cases in the definition of ϕn ,
we see that the property does not hold in most of the cases.
We define a new bijection ψn which is a modification of ϕn in the following sense. The definition is again recursive
but the action in three pairs of cases is exchanged. More precisely: if G is in case [0], then ψn(G) is defined as ϕn(G)
in case [1]; and conversely, case [1] for ψn is treated as case [0] for ϕn . The actions for the pair [0, 0] and [1, 1] are
also swapped, as well as for the pairs [0, 0, 0] and [1, 1, 1]; [1, 0, 0] and [0, 1, 1]; [0, 1, 0] and [1, 0, 1]; and finally
[0, 0, 1] and [1, 1, 0].
Now it is an easy matter to check recursively than if G ∈ Bn has k vertices then the basic graph in ψn(G) has k− 2
edges. 
Remark 1. In terms of the generating functions A(z, u) = ∑ an,kukzn and B(z, u) = ∑ bn,kukzn , Theorem 1 is
equivalent to the equation
u2A(z, u) = z2(1+ u)3B(z, u).
This equation suggests a kind of “duality”, in the sense that it might be possible to prove the above identities simply
by somehow exchanging vertices and edges between graphs in A and B.
A new identity. Let fn,k be the number of acyclic graphs (that is, forests) in A with n vertices and k edges, and
let cn,k be the number of connected graphs in B with n edges and k vertices. Let F(z, u) = ∑ fn,kukzn and
C(z, u) =∑ cn,kukzn be the corresponding generating functions.
Theorem 2. Let F and C be as before. Then
u2F = z2C2 + (uz + 2uz2 + z2)C + u2(z2 + z + 1). (2)
Proof. The generating function H(z, u) of non-crossing forests, where z marks vertices and u marks connected
components, is known from [1] and satisfies the equation
H3 + (u3z2 − u2z − 3)H2 + (u2z + 3)H − 1 = 0.
But in a forest the number of edges is equal to the number of vertices minus the number of components, and this
implies that F(z, u) = H(uz, u−1). From this and the previous equation it follows that the equation defining F is
p(u, z, F) = uF3 + (z2 − z − 3u)F2 + (z + 3u)F − u = 0. (3)
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Next we derive an equation for C . Let G be a nonempty connected graph in B, and let e be an edge {1, j} in G
with j maximum; notice that such an edge exists because G has no isolated vertices. The graph H = G \ e consists
of two parts, the graph H1 “below” e (if e belongs to a parallel class of edges then draw it as the uppermost in its
parallel class), and the graph H2 to the right of e. H2 can be any graph in B; however, H1 is either connected or else
consists of two connected components H3 and H4 containing, respectively, the vertices 1 and j . Thus G is essentially
composed of three connected graphs, some of them possibly empty. Then we get the following equation:
C = z
(
u2 + 3uC + C + 3C2 + C
2
u
+ C
3
u
)
,
where the factor z corresponds to the distinguished edge e, and the occurrence of u in a denominator corresponds to
a vertex that has been counted twice when two of the Hi are merged. For instance, the first summand corresponds to
the case when all Hi are empty; the second and third summands when exactly one of the Hi is empty; and so on.
The previous equation can be rewritten as
q(u, z,C) = zC3 + (3zu + z)C2 + (3zu2 + uz − u)C + zu3 = 0. (4)
Now we factor, with the help of MAPLE, the polynomial p(u, z, y) in the algebraic function field C(u, z,C) defined
by q(u, z, y). One of the factors that we obtain is
u2y − (z2C2 + uzC + 2uz2C + z2C + u2z2 + u2z + u2),
where Eq. (2) can be recognized at once. Now it is a routine matter to check that
y = u−2
(
z2C2 + uzC + 2uz2C + z2C + u2z2 + u2z + u2
)
is indeed a root of p(u, z, y). 
The reader may wonder how Eq. (2) was found. When we derived the algebraic equation satisfied by the univariate
series C(z, 1), we computed its discriminant (this is a first step in the asymptotic analysis; see Section 4 in [1]). Then
we realized that the discriminant was equal, up to a trivial factor, to the discriminant of the equation defining F(z, 1),
which was known to us from the computations in [1]. That two equations have the same discriminant is a strong
indication (but not a sufficient condition; I am grateful to Jordi Quer for this remark) that the corresponding algebraic
functions are algebraically dependent.
From (2) one gets of course an identity involving the numbers fn,k and cn,k , and one may ask again for a
combinatorial explanation using a bijection. However the identity in this case is quadratic instead of linear, and
we believe that, if such an explanation can be found, it is bound to be more involved than the one in the proof
of Theorem 1.
Acknowledgements
We are grateful to an anonymous referee for pointing out a mistake in an earlier version of the paper. The second
author was partially supported by Project MTM2005-08618-C02-02.
References
[1] P. Flajolet, M. Noy, Analytic combinatorics of non-crossing configurations, Discrete Math. 204 (1999) 203–229.
[2] M. Klazar, Counting pattern-free set partitions. II. Noncrossing and other hypergraphs, Electron. J. Combin. 7 (2000) (Research Paper 34,
pp. 25).
[3] P. Podbrdsky´, A bijective proof of an identity for noncrossing graphs, Discrete Math. 260 (2003) 249–253.
